Abstract. In the framework of the canonical quantization of the electromagnetic field, we impose as primary condition on the dynamics the positive definiteness of the energy spectrum. This implies that (Glauber) coherent states have to be considered for the longitudinal and the scalar photon fields. As a result we obtain that the relation holds which in the traditional approach is called the Gupta-Bleuler condition. Gauge invariance emerges as a property of the physical states. The group structure of the theory is recognized to be the one of SU (2)⊗SU (1, 1).
Introduction
The quest for a deterministic basis of present physical theories has led 't Hooft to propose a cellular automaton interpretation of Quantum Mechanics [1] : here the central concept is that of a complete set of operators commuting at all times, the beables, representing the true (ontological) variables of the system and allowing for a deterministic description. One possibility in such a framework, is represented by loss of information: it may happen that a deterministic theory has a dissipative character, so that, on a given time scale, the dynamics leads to a reduction of the number of degrees of freedom of the system, and the result is the emergence of ordinary quantum states with non-local character. Several examples of such a scheme have been discussed [1] - [5] , in particular the system of two coupled damped-amplified harmonic oscillators (Bateman system) [6] - [10] , turned out to be a paradigmatic one, in the sense that the quantum harmonic oscillator here emerges out of the dissipative dynamics of the original (deterministic) system [2, 4] . A common feature of these models, is the fact that the Hamiltonian of the (primordial) deterministic system is not positive-definite implying a spectrum unbounded from below: by imposing the constraint of positive definiteness, one then obtains a genuine quantum system with unitary evolution and a stable groundstate.
Motivated by such ideas, we consider in this paper the quantization procedure for the electromagnetic field in Lorenz gauge in the operatorial version, which historically was obtained in the 1950's by Gupta and Bleuler. We show that, by only resorting to the condition of positive definiteness of the Hamiltonian, i.e. without assuming the gauge invariance as a primary ingredient of the theory, we arrive at a definition of the physical states of the theory in terms of coherent states of longitudinal and scalar photons, which turn out to be equivalent to the traditional Gupta-Bleuler states. We also show that the theory has the group structure of SU (2) ⊗ SU (1, 1).
The structure of the paper is as follows. In Section 2, we review the traditional quantization procedure for the electromagnetic field, in Section 3 we present our results. Section 4 is devoted to conclusions and perspectives.
Canonical quantization of electromagnetic field
In this Section we summarize briefly the main steps in the canonical quantization of the electromagnetic field in the traditional approach. In our presentation we closely follow Ref. [11] .
Canonical quantization of the Maxwell field in the Lorenz gauge requires the introduction of a gauge fixing term leading to the so-called Fermi Lagrangian density [11] 
Equations of motions following from such Lagrangian are
If we restrict to the case ζ = 1 (Fermi-Feynman gauge), Lagrangian and equations of motion assume the simple form:
The Fourier expansion of the A µ field can be written as
By introducing the conjugate momenta
we obtain the Hamiltonian density
which can be rewritten as
Quantization is achieved by imposing commutation relations for the operators A µ and π µ :
or
By use of the field expansion (5), we obtain the commutation relations for the ladder operators:
and the Hamiltonian becomes:
At this point, the Lorenz gauge is implemented as a condition (the Gupta-Bleuler condition) on the Hilbert space, defining the physical states |Φ as those for which
where the " + " denotes the positive frequency part of the field. The condition (13) gives
implying that
It can be also shown [11] that the physical states can be generated from the purely transverse states |Φ T in the following way:
where
and
The purely transversal states |Φ T are those which do not contain any longitudinal or scalar photons:
Thus, for such states, the condition (14) is trivially satisfied. The physical states |Φ defined by the Gupta-Bleuler condition L k |Φ = 0, are related to the transverse states |Φ T through a gauge transformation:
where Λ(x) is a c-number function satisfying Λ(x) = 0 [11] .
Algebraic structure of the Hamiltonian and coherent states
We take as starting point the Lagrangian density Eq.(1) with ζ = 1 (Fermi-Feynman gauge):
We stress that we assume now the theory described by Lagrangian (20) as fundamental, contrarily to the usual pattern described in previous Section, in which one starts from the Maxwell theory exhibiting gauge invariance and then introduces the Lagrangian (1) in order to implement canonical quantization. In such a way, we privilege the possibility of a canonical formalism, with respect to the gauge invariance, which we do not assume as a fundamental concept.
The Hamiltonian density following from (20) is the one given in Eq. (7), leading, upon quantization, to the Hamiltonian operator (12) .
Let us focus on the algebraic structure of the Hamiltonian (12) . To this end, we define the following operators:
[
We see that the minus sign in the commutation relations for the a 0 operator reflects into the different algebraic structure for the K operators, closing the su(1, 1) algebra, with respect to the J operators, which close the su(2) algebra. The Casimir operators are
In the above definitions, for notational simplicity, we have omitted the k index on the generators J and K.
Thus the hamiltonian (12) can be written as
The fact that the Hamiltonian is written in terms of Casimir operators is remarkable [12] and guarantees the conservation of energy under transformations induced by the algebraic generators J and K above defined.
The Hamiltonian (25) is clearly not positive definite, therefore we define the physical states as those for which the Hamiltonian reduces to J 0 , namely:
Our main task is to characterize these physical states and analyze if they are equivalent to the physical states defined via the GB condition.
The problem is to find the explicit form of such physical states. We start by assuming them to be of the form:
where we denote with subscript 1 and 2 the states for the transverse photons and with |α k a generic state (to be determined) for the longitudinal and scalar photons. Although for notational simplicity we do not make it explicit, it is understood that the tensorial product notation used in Eq. (27) is also adopted for the operators, e.g. a † k,1 ≡ a † k,1 ⊗ 1 ⊗ 1, etc.. We now concentrate on the state |α ≡ k |α k , which is required to satisfy the above condition (26), i.e.
We also require such a state to be different from the vacuum state |0 ≡ |0 3 ⊗ |0 0 , which trivially fulfills such condition. Furthermore, we restrict to states of the form |α = |α 3 ⊗ |α 0 where |α 3 and |α 0 denote (Glauber) coherent states for a 3 and a 0 :
with the same α k , for any k. The coherent state generators are
(31)
(34)
The sign difference in the commutator for a 0 and a † 0 has dictated the choice of the sign in the definition of the G 0 generator. We thus obtain
which immediately extends to the physical states |ψ phys . The condition (26) easily follows from these relations. Note that Eqs.(37), (38) are actually the Gupta-Bleuler condition Eq. (14) and its hermitan conjugate. By resorting to the L k and L † k operators above defined, we note that they are invariant under α-translation: G
) and similar for L † k . Let us now consider the explicit form of the coherent states |α 0 and |α 3 . By use of the Campbell-Baker-Hausdorff relation and the commutation relations Eq. (11), we obtain
and |α ≡ |α 3 ⊗ |α 0 = exp
Thus a one-to-one correspondence exists between the coherent states above defined and those used in the Gupta-Bleuler quantization. We can therefore identify the physical states of the Gupta-Bleuler condition with the ones defined by the condition Eq.(26).
We can thus write
with Λ(x) satisfying Λ = 0.
In conclusion, only the transverse photons contribute to the energy in the coherent state representation {|ψ phys } :
We conclude that, by choosing the coherent state representation |α , we obtain Eq.(28) which in the Gupta-Bleuler method is instead postulated in order to impose the Lorenz gauge condition. In our case, we do not assume any gauge invariance from the beginning, rather we obtain it as an emergent property of the physical states.
Conclusions
In this paper we have explored the possibility to consider as fundamental the theory described by the Lagrangian density Eq.(20). On the other hand, the traditional approach is to start with the gauge invariant Maxwell theory and then proceed to the canonical quantization, the gauge invariance being assumed to be a fundamental ingredient of the theory. In our approach the canonical structure, namely the operatorial algebraic structure of the theory, is instead assumed to be fundamental, the gauge invariance being implied by the positive definiteness of the Hamiltonian operator. In short, we show that the primary condition that the energy spectrum has to be definite positive fully determines the structure of the physical states of the theory. Thus, instead of postulating it, we obtain as a result what in the traditional approach is called the Gupta-Bleuler condition.
Remarkably, the Hamiltonian for the electromagnetic field is shown to be given by the Casimir operators of the su(2) ⊗ su(1, 1) algebras defining the theory. Such a result is a general feature of the dynamics, holding in the traditional approach and in our treatment, and makes evident the invariance of the spectrum under the of SU (2) ⊗ SU (1, 1) group transformations.
Finally, note that by acting with the generator G 3 and G 0 on the K 0 term in the Hamiltonian in Eq.(25), instead than on the states |0 3 and |0 0 , we have
i.e., under the shift transformations Eqs. (33) and (36), the longitudinal and the scalar photon modes are submitted to external forces (represented by the linear operator terms a k,3 and a k,0 and their hermitian conjugates, respectively). This shows that the two sets of longitudinal and scalar modes, each constitutes actually an open dissipative system on which an external force acts. The energy of each of the modes, for given k, is proportional to |α k | 2 (cf. Eq. (28)). Both sets, combined together, form a closed system whose total energy is conserved and vanishes. It is in our future plans to extend the analysis here presented in the direction of the 't Hooft scheme for quantization of deterministic systems [1] . In this context, the emergence of various symmetries, including local gauge symmetry, has been discussed in Refs. [13, 14] . Another development will be the formulation of these topics in the path-integral formalism, in the line of Ref. [15] .
